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1 Introduction
elementary abelian 2-group $V_{n}$ $\mathrm{m}\mathrm{o}\mathrm{d} 2$ cohomology F2 $[X_{1}, \ldots, X_{n}]$
[ [ cohomology Steenrod square $Sq^{i}$





$X_{n}$ basis $\mathrm{F}_{2}$ $\mathrm{F}_{2}[X_{1}, \ldots, X_{n}]$





simple $\mathrm{F}_{2}[GL(V)]$-module $M$ $d$
$S^{d}(V)$ ( $M$ composition factor $S^{d}(V)$ {
simple $\mathrm{F}_{2}[GL(V)]$-module
simple $\mathrm{F}_{2}[GL(V)]$ -module $d$
{ $’\supset$ simple $\mathrm{F}_{2}[GL(V)]$ -module [
( $2^{n-1}$ )








2The Steenrod algebra and $QS^{d}(V)$
Steenrod algebra $\mathrm{A}$ $\mathrm{a}$ Steenrod algebra $\mathrm{F}_{2}$
graded algebra $Sq^{1},$ $Sq^{2},$ $Sq^{3},$ $\ldots$
(Adem relation)




$Sq^{a}X\dot{.}$ $=X^{2}.\cdot$ if $a=1$
$Sq^{a}X$ $=0$ if $a>1$
$Sq^{a}(xy)$
$= \sum_{a’+a’’=a}(Sq^{a’}x)(Sq^{a’’}y)$
Milnor [6] Steenrod algebra





$(A^{d}=\mathrm{H}om(A_{d}, \mathrm{F}_{2}))$ Stoenrod algebra $I=$
$(i_{1}, i_{2}, \ldots, i_{r})$ [ 1 monomial $\xi_{I}$ $\xi \mathrm{i}^{1}\xi_{2^{2}}.\cdot\cdots\xi_{r}^{i_{r}}$ monomial
32
basis $\{\xi_{7}\}$ $\xi_{7}$ dual $\xi\ovalbox{\tt\small REJECT}$ $\xi\ovalbox{\tt\small REJECT}$
$\mathrm{F}_{2}[X_{\mathrm{i},\ovalbox{\tt\small REJECT}}. , X_{n}]$
$\{$




$I=(i_{1}, \ldots, i_{\mathrm{r}})$ $\xi_{I}^{*}$ excess
$i_{1}+\cdots+i_{\mathrm{r}}$ $\xi_{I}^{*}$ excess $x\in S^{d}(V)$ $d$
$\xi_{I}^{*}x=0$
Steenrod algebra $\mathrm{I}mA$
$QS^{d}(V)$ $=$ $S^{d}(V)/(\mathrm{I}mA\cap S^{d}(V))$
basis $S^{*}(V)$ $A$ module
Steenrod algebra $GL(V)$
{ $QS^{d}(V)$ $\mathrm{F}_{2}[GL(V)]$-module {
Probelm 2.1 $QS^{d}(V)$ $QS^{d}(V)$ $\mathrm{F}_{2}[GL(V)]$ -module
$\dim V\leq 3$ ([1], [2],
[5] $)$ $\dim V=4$ $\dim QS^{d}(V)$ [
$\acute{\text{ }}$ simple $\mathrm{F}_{2}[GL(V)]$-module
Proposition 2.2. $M$ simple $\mathrm{F}_{2}[GL(V)]$ -module $M$ composi-
tio $n$ factor $S^{d}(V)$ $d$ $QS^{d}(V)$
$M$ composition factor
$\alpha(m)$ $m$ 2 1 $QS^{d}(V)$
Theorem 23(Wood [7]) $\alpha(d+n)>n$ $\mathrm{d}i\mathrm{m}QS^{d}(V)=0$ .
Theorem 24(Kameko [5]) $\alpha(d+n)=n$ $QS^{d}(V)$ $QS^{2d+n}(V)$
( F2 $[GL(V)]$ -module
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Theorem 26(Carlisle, Wood [3]) $V$ $\delta(V)$
$\sup_{d\geq 0}\dim QS^{d}(V)<\delta(V)$
3Weight Vectors and $E_{w}QS^{d}(V)$
monomial $x=X_{1}^{e_{1}}\cdots X_{n^{n}}^{e}$ $e$: 2
$e$: $=a_{i,0}+a:,12+a\dot{.},22^{2}+\cdots$
$w_{j}(x)$ $=$ $\sum_{i=1}^{n}a:,j$
$w(x)=(w_{0}(x), w_{1}(x),$ $w_{2}(x),$ $\ldots)$ $w(x)$ weight vector
weight vector
$w(x)$ $QS^{d}(V)$ ffltration
Proposition 3.1 $g\in GL(V)$ monomial $x$ $gx=\Sigma c_{\alpha}x_{\alpha}c_{\alpha}\in$
$\mathrm{F}_{2}^{\mathrm{x}}$ , x monomial $w(x_{\alpha})\leq w(x)$ .
$w=(w_{0}, w_{1}, \ldots)$ $F_{w}S^{d}(V)$ $w(x)\leq w$ monomial $x$
$S^{d}(V)$ $F_{w}’S^{d}(V)$ $w(x)<w$ monomial $x$






$F_{w}QS^{d}(V),$ $E_{w}QS^{d}(V)$ ( $\mathrm{F}_{2}$ $[GL(V)]-$
module
( $w$ $E_{w}QS^{d}(V)$ ( TheO-
rem 25 $w$
$QS^{d}(V)=E_{(n,\ldots,n,n-1,\ldots,n-1,\ldots,2,1,\ldots,1)}QS^{d}(V)$
$w$ $n,$ $n-1,$ $\ldots,$ $1$ ? $i_{n},$ $i_{n-1}-i_{n}$ ,
. .. , $i_{1}-i_{2}$ $\mathrm{a}$
Proposition 32 $M$ simple F2 $[GL(V)]$ -module $M$ composi-
tion factor $S^{d}(V)$ $d$ $/$ $\mathrm{a}\#$
$w=(w_{0}, w_{1}, \ldots)$ $n>w_{0}\geq w_{1}\geq\cdots$
$E_{w}QS^{d}(V)$ $M$ composition factor
Example 33 $n=2$ $E_{w}QS^{d}(V)$ { $w=(2, \ldots, 2, 1, \ldots, 1)$ [
0 1 0 1,1 22 3
$w$ [ $E_{w}QS^{d}(V)=\{0\}$
Example 3.4 $n=3$ $w_{0}\geq w_{1}\geq w_{2}\geq\cdots$ $w$ (
$E_{w}QS^{d}(V)=\{0\}$ $E_{\phi}QS^{0}(V),$ $E_{(1)}QS^{1}(V),$ $E_{(2)}QS^{2}(V)$ ,
$E_{(2,1)}QS^{4}(V)$ [ 1, 3, 3, 8 simple $\mathrm{F}_{2}[GL(V)]-$
module
Example 35 $n=4$ $\dim E(1,3)QS^{7}(V)=1,$ $\dim E(2,3)QS^{8}(V)=$
$\dim E_{(2,3,2)}QS^{16}(V)=4$ $E_{\phi}QS^{0}(V),$ $E_{(1)}QS^{1}(V),$ $E_{(2)}QS^{2}(V)$ ,
$E_{(3)}QS^{3}(V),$ $E_{(2,1)}QS^{4}(V),$ $E_{(3,1)}QS^{5}(V),$ $E_{(3,2)}QS^{7}(V)_{f}E_{(3,2,1)}QS^{11}(V)$
1, 4, 6; 4, 20, 15, 20, 64 simple $\mathrm{F}_{2}[GL(V)]-$
module
Probelm 36 $E_{w}QS^{d}(V)$ { $w=(w_{0}, w_{1}, \ldots)$ $n>w_{0}>w_{1}>\ldots$
( simple $\mathrm{F}_{2}[GL(V)]$ -module ?
References
[1] Mohamed Ali Alghamdi, M. C. Crabb and J. R. Hubbuck, Representa-
tions of the homology of $\mathrm{B}\mathrm{V}$ and the Steenrod algebra. $\mathrm{I}$ , Lond. Math.
Soc. Lect. Note Ser. 176 (1992), 217-234.
35
[2] J. M. Boardman, Modular representations on the homology of powers
of real projective space, Amer. Math. Soc. Contemp. Math. 146 (1993),
49-70.
[3] D. P. Carlisle and R. M. W. Wood, The boundedness conjecture for the
Note Ser. 176 (1992), 203-216.
[4] M. C. Crabb and J. R. Hubbuck, Representations of the homology of
$\mathrm{B}\mathrm{V}$ and the Steenrod algebra. $\mathrm{I}\mathrm{I}$ , Basel: Birkhauser. Prog. Math. 136
(1996), 143-154.
[5] M. Kameko, Generators of the cohomology of $BV_{3}$ , J. Math. Kyoto Univ.
38 (1998), 587-593.
[6] J. Milnor, The Steenrod algebra and its dual, Ann. of Math. 67 (1958),
150-171.
[7] R. M. W. Wood, Steenrod squares of polynomials and the Peterson
conjecture, Math. Proc. Cambr. Phil. Soc. 105 (1989), 307-309.
36
